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Introduction

O NE-EQUATION models of turbulence are widely used in
aeronautical applications, mainly due to their simplicity, low

computational cost compared with higher-order models, and good
level of accuracy in external aerodynamic flows. These models have
different origins: Baldwin and Barth [1] (BB) derived their model
from the transformation of the k-" model with some additional
assumptions. Spalart and Allmaras [2] (SA) developed their model
based on the arguments deduced from dimensional analysis. Menter
[3] established a clear and firm connection between one- and two-
equation models of turbulence. Goldberg [4,5] proposed a model
with terms similar to those of Baldwin and Barth [1] in the high-
Reynolds-number form and suggested a treatment to the destruction
term near shear-layer edges. Nagano et al. [6] derived their one-
equation model from a low-Reynolds-number k-" closure, which
resulted in many damping functions. Their model showed very good
results when compared with direct numerical simulation and
experimental data for wall-bounded flows. Fares and Schroder [7]
transformed the Wilcox k-! closure [8] to a one-equation model
based onMenter’s [3] approach and applied it to free-shear and wall-
bounded flows. Elkhoury [9] proposed some modifications to
Menter’s model and tested the effects of the destruction term that
resulted from the transformation of the k-! equation on the predictive
capabilities of the model.

The Menter model’s constants are based on the standard values of
the k-" model. The criteria that were used to determine these
constants are based on simple flow cases: c"2 is determined using the
decay of isotropic turbulence, c"1 followed from the formulation of
the transport equations for k and " assuming homogeneous shear
flow, and �k is determined using an oscillating-grid turbulence for
which the mean flow has a zero velocity (both convective and
production terms are zero). The relationship between the constants
�", c�, c"1, and c"2 is determined using the slope of themean-velocity
profile in logarithmic layers. These coefficients are held constant
when the model is applied to different geometries and Reynolds
numbers. However, several studies [10–13] based on the Reynolds
stress turbulence models concluded that these coefficients should be

a function of flow parameters. To account for the effect of near-wall
anisotropy, researchers [14–16] have introduced a variable c"1,
depending on various geometries and flow parameters. Durbin [11]
used the distance from the wall and Shih et al. [12] formulated an
equation for c"1 that is based on the production-to-dissipation ratio.
Yakhot and Orszag [13] used the ratio of the turbulent to mean-strain
time scale in the formulation of c"1.

In line with the preceding research, the present work modifies the
Menter model by introducing a variable c"1 in front of the production
and destruction terms. This modification follows from the k-"
turbulence closure for which the coefficient c"1 is a function of
flow parameters. The validity of the model incorporating the
present modification is tested in adverse-pressure-gradient, shock/
boundary-layer interaction, and the computed results are assessed
against the original Menter model, the Spalart–Allmaras model, and
experiments.

Menter One-Equation Model of Turbulence
with Variable C"1 Coefficient

The derivation of the single-equationmodel starts by transforming
the high-Reynolds-number form of the following standard two-
equation k-" turbulence model:
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where D��=Dt denotes the substantial derivative. The substantial
derivative of the eddy viscosity ~�T � c��k2="� becomes
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After substituting Eq. (1) into Eq. (2), two assumptions are used to
eliminate the dependency on k and " in Eq. (2). The first is by
assuming that the Bradshaw relation is valid; that is, the turbulent
shear stress is proportional to the turbulent kinetic energy:
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The second follows by assuming that the diffusion coefficients in the
k and the " equations are identical. The resulting high-Reynolds-
number single-equation model follows as
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where LVK is the von Kármán length, defined as
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The detailed derivation of Eq. (3) can be found in [3]. The low-
Reynolds-number general form of Eq. (3) becomes
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With the following damping function introduced in front of the
production term [3], D1 � ��T � ��=� ~�T � ��. The damped eddy
viscosity is computed using

�T � ~�TD2 with D2 � 1 � e�� ~�T=A����2 (5)

Here, � is the absolute value of the vorticity. The standard k-"
model’s constants that are used in Eq. (4) are c"1 � 1:44, c"2 � 1:92,
� � �k � 1:0, and c� � 0:09, with the von Kármán constant
�� 0:41. The coefficient A� is set equal to 13.0.

In the derivation of c"1 using the k-"model for homogeneous shear
flow, one arrives at c"1 � 1:0� "=Pk�c"2 � 1:0�. This clearly
demonstrates the dependency of c"1 on the "=Pk, which motivates a
modification that includes the destruction-to-production ratio. The
value of c"1 � 1:44, popular in use, corresponds to "=Pk � 0:48. In
nonequilibrium adverse-pressure-gradient flows, the production/
destruction ratio can considerably exceed one, resulting in excess
shear stress prediction. To limit this effect for the present model, a
proposed variable such as c"1 / 1:44=�destruction=production�was
adopted. Unlike the original formulation [3], this variable function
for c"1 influences both the destruction and the production terms in the
present formulation. One eligible function that satisfies this behavior
may be written as

c"1 � 1:44=min�1:0;max�rn; Cmin�� (6)

where

r � ~�T
��2L2
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is the destruction-to-production ratio of the present model. The shear
stress varies as j � �u �v j / �production=destruction�nk with n� 0:5
for two-equation models and n� 0 for Bradshaw’s relation,
encouraging the usage of the power n in Eq. (6). Using the limiter of
Eq. (6) allows for a variation of c"1 between aminimum of 1.44 and a
maximum value determined by 1:44=Cmin. After experimenting with
several nonequilibrium-flow test cases, some of which are reported
herein, the values of n and Cmin are set to 0.01 and 0.8, respectively.
Although c"1 ranges between 1.44 and 1.8, it hardly exceeds a value
greater than 1.6 in the outer part of the boundary layer for all
considered test cases. It is worth mentioning that with the preceding
modification, Eq. (4) is solved as is (that is, with the following
destruction term):
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The destruction term of the original Menter model used for
comparison is herein taken as
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as suggested in [9]. This limiter (to avoid singularitywhenL2
VK ! 0)

seems to have some influence on the solution, especially in shock/
boundary-layer interaction flows, whereas the limiter used in the
present study is
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and the original formulation is always recovered.

Numerical Method and Validation Test Cases

An implicit, thin-layer, time-dependent, compressible or
incompressible Navier–Stokes solver was employed. The solver
features a third-order-accurate Osher’s upwind-biased flux-
difference-splitting scheme. The viscous fluxes are computed with

Fig. 1 Comparison of numerical and analytical wall-law profiles for a

flat plate with a zero pressure gradient at 60% of the chord.

Fig. 3 Computed andmeasured pressure coefficient distribution of the

NACA 0012 airfoil.

Fig. 2 Comparison of numerical and empirical skin-friction profiles

for a flat plate with a zero pressure gradient.
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second-order-accurate central differences. The present model is
solved and decoupled using an implicit approximate factorization
method. Further details regarding the numerical implementation are
available in [17,18].

Flow over a Flat Plate at Zero Pressure Gradient

This case is considered in this study to demonstrate that the present
modification has no effect for equilibrium flows. The freestream
Mach number was set to 0.3 and the Reynolds number was taken as
6:0 	 106. The flow was computed on an 81 	 81 grid with the first
point off the wall yielding a y� value around 0.5. Comparison of the
Menter model with and without the present modification is made
with analytical wall-law profile and is given in Fig. 1. The
computational profile was taken at 60% of the plate. In the viscous
sublayer, buffer, and logarithmic layers, results are indistinguishable
and collapse very closely on the analytical solution. The skin friction
is plotted along the flat plate in Fig. 2. The turbulencemodel with and
without the proposed modification is compared with the empirical
Schultz–Grunow correlation described in [19] Cf=2� 0:185=
�log10<x�2:584. The skin-friction profiles predicted by the original
and the modified Menter models overlap and show good agreement
with the profile predicted by the Schultz–Grunow correlation.

Flow over a NACA 0012 Airfoil

This is one of the most challenging test cases due to the marked
sensitivity of turbulence models predicting flows with shock-
induced separation. The angle of attack of the airfoil was set to
2.26 degwith aReynolds number of 9:0 	 106 and aMach number of
0.799. A 257 	 69 grid was adopted, with 223 points lying on the
airfoil surface and an extending far field to approximately 23 chords.
Comparisons of the surface pressure coefficient with the experiments
[20] are depicted in Fig. 3. The modified Menter model shows
remarkable improvement over both the original Menter and the
Spalart–Allmaras models by more precisely predicting the location
of the shock.

Flow over a NACA 4412 Airfoil

This last test case is considered to ascertain the ability of the
modified model to reproduce the experimental velocity profiles by
Coles and Wadcock [21]. The flow over the airfoil was computed at
an angle of attack of 13.87 deg, a Reynolds number of 1:52 	 106,
and aMach number of 0.2.A 257 	 91 gridwas used,with 191 nodes
lying on the airfoil surface with a far field set approximately at 22
chords. The boundary layer was artificially tripped in the present
computation (for both the modified and the original Menter models)

at 2.5 and 10.3% of the chord on the upper and lower surfaces of the
airfoil, respectively. The SA model was run accompanied by its
transition terms. Transition location is extremely important because
it has a direct influence on the computed velocity profiles.
Researchers tend to run this and other test cases (such as the
Aerospatiale A airfoil) fully turbulent, in an attempt to alleviate the
difference between the computed and measured velocity profiles.
Figure 4 compares the computed mean-velocity profiles of the
Menter model with and without the modification, the SA model at
several stations on the upper surface of the airfoil, and experimental
measurements. Predictions with the present modification clearly
outperform both the original Menter and the SAmodels. TheMenter
model with the present modification accurately accounts for the
nonequilibrium effect by correctly reproducing the separation-
bubble height.

Conclusions

Avariable coefficient ahead of both the production and destruction
terms was successfully implemented into the Menter model. This
modification is in line with the two-equation k-" models that use a
variable c"1. The variable coefficient has no effect on equilibrium
flows andwas optimized for several external aerodynamicflows, two
of which were considered herein. The findings show that the Menter
model with the present modification has a good predictive accuracy
in complex aerodynamic flows. However, this does not justify the
general applicability to the higher complexity of anisotropic and
nonequilibrium turbulence that occurs in many other practical flows.
The source of concern arises as to whether the von Kármán length
scale associated with the variable c"1 is sufficient for describingmore
complex three-dimensional flowfields.
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